Abstract. We present a description of a reduction procedure for a model of glutamate transport in a synaptic cleft in the presence of a finite number of receptors and transporters with different kinetics properties. Under certain conditions a system of equations for glutamate, receptors and transporters concentrations can be substituted by a single equation for glutamate with effective diffusion and modified kinetics term. The results of model reduction are illustrated with an example showing good agreement between the behavior of the original model and the reduced model.
Introduction
We consider a general reduction procedure for a model of neurotransmitter transport in the presence of receptors and transporters. While the approach that we describe is applicable to a wide class of models of molecular transport in the presence of fast forward and reverse binding reactions, here we are mostly interested in a particular case related to glutamate transport.
Glutamate molecules are neurotransmitters that carry chemical signals between neurons through synaptic clefts, thin regions (≈ 20 nm) separating consecutive neurons. A certain number of glutamate molecules (≈ 3000) is released from a synaptic vesicle at the presynaptic boundary. These molecules diffuse through the cleft, activate receptors located at the postsynaptic neuron boundary, leading to the appearance of ionic currents through the postsynaptic neuron membrane. Also, glutamate is being removed from the cleft via transporters located at certain regions of the postsynaptic boundary, as well as via diffusion through the side boundaries of the synapse.
We consider a procedure that under certain conditions reduces the spatially 3-dimensional model of glutamate transport to a spatially 2-dimensional one. The ultimate goal of the analysis is to produce an adequate model for fast computation of glutamate concentration distributions (as a function of time and spatial variables) for various initial concentrations of glutamate released from the vesicles in the interior of the cleft as well as for various spatial distributions of receptors and transmitters at the postsynaptic boundary of the cleft. The resulting model will allow us to include in the computations any finite number of receptors and transmitters of different types.
Another goal in obtaining a reduced model is to produce an explicit expression for such a characteristic of glutamate transport as the effective diffusion that must change depending on
Statement of the problem: equations, initial and boundary conditions
The following model will correspond to the assumptions stated above.
In the interior of the cleft the glutamate concentration u(x, y, z, t) is described by the diffusion equation (D is diffusion coefficient):
The boundary conditions for u are formulated as follows:
u(x, y, z, t) = 0 for (x, y) ∈ ∂Ω, 0 ≤ z ≤ h,
(washout at the side boundaries); ∂u ∂z (x, y, h, t) = 0 (impermeable presynaptic boundary);
−D ∂u ∂z (x, y, 0, t) = δ ∂u ∂t (x, y, 0, t).
(receptors/transporters related dynamics at the post-synaptic boundary).
Here
For different receptor concentrations v i (i = 1, . . . , n), and different transporter concentrations w j (j = 1, . . . , m), we have the equations
Equation (5) describes glutamate dynamics (forward/reverse binding, loss, etc.) in a thin layer (of effective depth δ) near the postsynaptic boundary of the cleft due to the presence of receptors and transporters (f i with i = 1, . . . , n describe the kinetics associated with n different types of receptors, and g j with j = 1, . . . , m describe the kinetics associated with m different types of transporters distributed over the postsynaptic boundary surface).
A particular form of the right hand side of the boundary condition (4) at z = 0, which is proportional to the right hand side of (5), as well as the right hand sides of the equations (6), (7) for surface receptor concentration v i and surface transporter concentration w j , respectively, will be specified later after additional assumptions on receptor and transporter kinetics are introduced. We note that in our model G j = g j (see discussion in Section 5 below).
The initial conditions have the form:
(initial spatial distribution of receptors);
(initial spatial distribution of transporters).
Step 1 of model reduction: derivation of spatially 2-dimensional equation for glutamate concentration
Let us average the equation for glutamate concentration u over the height of the synaptic cleft.
To do so we integrate both sides of the equation (1) with respect to z from 0 to h, and divide the result by h:
Here we use notationū
for the values of u averaged over z. Substituting conditions (3) and (4) in the right hand side of (11), we obtain:
where we also used relation (5) . From (12) it follows that
Assuming that h is sufficiently small (compared to L), ∂u/∂z(x, y, 0, t) is moderate , δ/h is finite, f i , g j are sufficiently smooth, and introducing the new notatioñ
we arrive at the approximate equation
It follows from (2) and (8) that we must solve (16), together with the system (6) and (7) for v i (i = 1, . . . , n) and w j (j = 1, . . . , m), with the following boundary and initial conditions for u:
and initial conditions (9), (10) for v i , w j , respectively.
Receptor and transporter kinetics
Let us use the notation U for a molecule of glutamate. We consider the following generic reaction scheme for i-th receptor:
Here V i denotes the free i-th receptor, and C i denotes the corresponding occupied receptor (in what follows we use the notation v i and c i for concentrations of V i and C i , respectively); k ± i are the rate constants of the forward and reverse receptor binding reactions.
Also, we assume the following generic reaction kinetics for the j-th transporter:
Here W j denotes the free j-th transporter, and E j denotes the corresponding occupied transporter (in what follows we use the notation w j and e j for concentrations of W j and E j , respectively); U removed represents glutamate molecules that are removed from the cleft via transporters; K ± j are the rate constants of the forward and reverse transporter binding reactions; λ j are the rate constants of glutamate removal reactions.
Using the Law of Mass Action, we write the equations (at the postsynaptic boundary) for v i (x, y, t), c i (x, y, t), w j (x, y, t), and e j (x, y, t):
Corresponding initial conditions describe the initial spatial distribution of v i , c i , w j , and e j at the postsynaptic boundary:
Equations (21), (22) with corresponding conditions from (25) can be used to eliminate c i :
Similarly, equations (23), (24) with corresponding conditions from (26) can be used to eliminate e j :
We note that the functions f i and g j defined in (27) and (28), respectively, are exactly the ones that enter (5) (and thus, equation (16) forũ) and (6), the functions G j are the ones that enter (7) .
So, now our model consists of a quasi-linear parabolic equation (16), with conditions (17), (18), and equations (27), (28), with conditions (9), (10).
Step 2 of model reduction: making use of fast receptor and transporter kinetics
Let us make additional assumptions related to receptor and transporter kinetics that will allow us to further simplify the model. First, we assume that (e) distributions of various types of receptors and transporters at the postsynaptic boundary are uniform (i.e.,
This assumption is only needed to clarify the relations between various characteristic time scales in the model. After the derivation, the reduced model may be used for non-uniform spatial receptor and transporter distributions as well. However, we will then need to take into account the fact that in the regions without receptors and/or transporters corresponding values of V i and/or W j will be zero, and local transport in these regions will only be associated with the original glutamate diffusion.
Let us introduce several time scales characteristic of our problem:
• characteristic times of forward and reverse binding reactions for receptors, τ k
• characteristic times of forward and reverse binding reactions for transporters, τ K
Next, we formulate the assumptions that will allow us to reduce the system of equations for concentrations of glutamate, receptors and transporters to one equation for glutamate with an effective diffusion coefficient that depends nonlinearly on the concentration of free glutamate. If only a portion of conditions formulated below is satisfied for a certain number of receptors and transporters, then only this number of equations can be eliminated, and the reduced system will have fewer equations compared to the original one. If none of the conditions formulated below is satisfied, then further reduction of the system (16), (27) , (28) In the Appendix we present the non-dimensionalization procedure (needed for the rigorous construction of the asymptotic approximation of the solution), as well as the details of mathematical model reduction algorithm. Here we only mention characteristic model reduction steps written in terms of the original variables and parameters, and present the final reduced model formulation.
Substituting expressions (27) and (28) for f i and g i ,
into (16), we obtain:
In the quasi-steady state (or, in the leading order approximation following from the asymptotic algorithm; see Appendix), from (27), (28), we have
Thus, from (32), we can express v i in terms ofũ as follows:
Similarly, in the quasi-steady state (or, in the leading order approximation), from (28), we get
Thus, from (34), we can express w j in terms ofũ as follows:
Differentiating (33) and (35) with respect to t, we obtain:
Substituting (35), (36), (37) into (31), and re-arranging terms, we write:
Finally, from (38), after some more re-arrangement of terms, we obtain the reduced equation forũ(x, y, t):
This equation must be solved with boundary conditions (17) and initial condition (18); see the detailed discussion about the choice of asymptotically correct initial conditions in the Appendix. When u(x, y, t) is known, v i (x, y, t) (i = 0, . . . , n) and w j (x, y, t) (j = 0, . . . , m) are found from (33) and (35), respectively.
We note that the actual number of parameters (or parameter combinations) that enter (39) is smaller compared to the system (16), (27), (28): e.g., k 
can, in principle, be determined.
Another important observation: it follows from (39) that glutamate transport in the presence of receptors and transporters is characterized by the new effective diffusion coefficient that is now not constant (it depends onũ(x, y, t) and the original distribution of free receptors V * i and free transporters W * j ):
It can be easily seen from (40) 
Remark. The asymptotic procedure described in the Appendix is based on the Boundary Function Method algorithm (see Vasil'eva et al. [10] ). Our results are also related to those presented in Haario and Kalachev [3] , Keener and Sneyd [4] , Smith et al. [8] , and Sneyd et al. [9] .
Next, we consider an illustrative example where for some particular choice of parameter values we compare a solution of a model system consisting of a radially symmetric (and thus, spatially 1-dimensional) equation for free glutamate concentration coupled with a transporter equation and a solution of the corresponding reduced model consisting of one equation for free glutamate.
Illustrative example
Let us consider the case where one transporter is uniformly distributed throughout the postsynaptic boundary of the cleft, region Ω has the shape of a disk with radius R = 2 μm, and the problem is radially symmetric (the glutamate vesicle opens in the center of the disk, and the initial shape of the released glutamate concentration is radially symmetric). For the radially symmetric case the Laplace operator (∂ 2ũ /∂x 2 + ∂ 2ũ /∂y 2 ) will have the form (∂ 2ũ /∂r 2 + (1/r)∂ũ/∂r), where r is the radial distance from the center of the disk.
We will call the system for concentrationsũ and w 1 averaged over the height of the cleft (h = 20 nm) and the corresponding additional conditions the original model. It consists of the following equations:
The boundary and initial conditions are written as follows: The reduced model will consist of the equation
and additional conditions (44), (45).
Whenũ is known, we also know (see (35)):
Solutions for the original model and for the reduced model were obtained numerically using the method of lines (programs were written in MATLAB). The radially symmetric concentration profiles obtained by numerical computations for t = 0, 0.5, 1.0 msec are shown in Figures 1 (a) , (b), (c), respectively.
At t = 0 the initial conditions for both models are the same. We note that for t = 0.5 and t = 1.0 the curves representing concentrations of free glutamate obtained for the original and the reduced models are almost undistinguishable. 
Conclusion
We presented a general model reduction procedure for neurotransmitter transport in the presence of a finite number of generic receptors and transporters. It is important to emphasize that here we did not perform numerical experiments for various distributions of receptors and transporters to elucidate the details of glutamate transport in a synaptic cleft. Such numerical experiments as well as experimental data fitting using a set of reduced models of the type presented above will be done in the near future and published elsewhere. Our main goal was to illustrate the reduction procedure and specify conditions under which various steps of the reduction can be performed.
Comparison of the solutions of the original model and the reduced model for an example with a particular sample choice of parameter values that satisfied the conditions imposed shows good agreement between the two models.
Appendix
Here we present the asymptotic reduction algorithm for a spatially 2-dimensional model in the case where forward/reverse binding reactions involving receptors and transmitters are assumed to be fast in comparison with diffusion and trans-membrane neurotransmitter transport. In what follows to simplify the explanation of the reduction procedure, we assume that receptors and transporters are uniformly distributed, i.e., V * i , W * j =const (i = 1, . . . , n; j = 1, . . . , m). Earlier, we have introduced the following characteristic time scales: characteristic diffusion time τ D = L 2 /D; characteristic times of forward and reverse binding reactions for receptors, τ k
characteristic times of forward and reverse binding reactions for transporters, τ K
; characteristic times of glutamate loss via transporters (i.e., trans-membrane transport), τ λ j = 1/λ j . Let us introduce the following re-scaled quantities and auxiliary notations: we define non-dimensional timet = t/t D , nondimensional spatial variablesx = x/L,ŷ = y/L, where L is characteristic lateral dimension of the synaptic cleft region. We define re-scaled concentrations (i = 1, . . . , n; j = 1, . . . , m):
Let us re-formulate assumptions (f), (g), (h) introduced in Section 6 using a small parameter 0 < ε 1. Without loss of generality, we define
Then assumptions (f), (g), (h) are equivalent to the following set of asymptotic relations:
.
m).
Using the new notation introduced above, we re-write the problem for (16), (27), (28) with corresponding conditions in the form:
whereΩ is re-scaled Ω;Û * (x,ŷ) = 0 for (x,ŷ) ∈ ∂Ω;
To simplify the notation, let us omit hats (ˆ) in (50) 
with similar expressions for v i and w j . Hereū 0 ,ū 1 are the functions that describe the, so-called, regular part of the asymptotic expansion and are important for t > 0 away from the initial layer; Π 0 u, Π 1 u are the boundary layer functions important in the initial layer near t = 0 (for τ ≥ 0, where τ = t/ε is the, so-called, stretched variable). Substituting (56) and similar expressions for v i and w j into (50) - (55), and equating at every order of ε terms of the asymptotic expansions separately for regular and boundary functions, we obtain the problems forū 0 ,ū 1 , etc.
In the leading order approximation, forū 0 ,v i0 ,w j0 , we have
From (57) and (58) we write expressions forv i0 ,w j0 in terms ofū 0 :
In the first order approximation we have the following equations for the regular functionsū 1 , v i1 ,w j1 :
The solvability condition for the linear algebraic system (61) - (63) is written in the form:
From (59), (60), for the derivatives ofv i0 ,w j0 , we have
Substituting (60), (65), and (66) into (64), we obtain the equation forū 0 :
From the above equation, after moving all the terms containing derivatives ofū 0 to the left hand side of (67), we obtain:
Dividing both sides of equation (68) by the term in the square brackets, we arrive at the partial differential equation forū 0 with effective diffusion and effective kinetics term:
Returning to the original variables in (69), we immediately reproduce (39). The boundary condition for (69) follows from (55):
The initial conditions for (69) are found in the process of the construction of the boundary functions. For Π 0 u, Π i0 v, Π j0 w we have the following system of equations:
(71)
Together with the leading order regular functions the boundary functions Π 0 u, Π i0 v, Π j0 w must satisfy the initial conditions (see (53), (54)):
(74) Also, the boundary functions at any order must decay to zero as τ → ∞:
It follows from (71), (72), (73) that
Integrating (76)) with conditions (75), we arrive at the relation:
Substituting (59), (60), and (77) into the system describing initial conditions in the leading order approximation (74), we obtain: 
This is a system of (n + m + 1) equations for (n + m + 1) unknowns, the initial conditions for the regular functionū 0 and the boundary functions Π i0 v, Π j0 w. 
Substituting (79) into the first equation of (78), we obtain one equation forū 0 (x, y, 0):
which we re-write for convenience as
where the expression for F corresponds to the left hand side of equation (80). The function F (u) has the following properties: F (0) = 0, lim u→∞ F (u) → ∞. Also,
for all u. It follows from the above properties of F that equation (81) has a unique solutionū 0 (x, y, 0) for any choice of U * ≥ 0 (geometrically this means that the increasing function F (u) intersects the horizontal line with the ordinate U * ≥ 0 only at one point). Now the initial condition forū 0 is known. The problem forū 0 is completely defined. It consists of the equation (69), boundary condition (70), and the initial condition that solves (81) (which is equivalent to (80)).
Whenū 0 (x, y, 0) is known, the initial conditions for the boundary functions are found from (79). It can be shown that the equations (72), (73) for Π i0 v, Π j0 w, where the expression (77) is substituted for Π 0 u, with corresponding initial conditions have solutions exponentially decaying to zero as τ → ∞.
Remark. If δ/h 1, then equation (80) forū 0 (x, y, 0) may be replaced by its approximation
So, in this case the initial condition forū 0 is approximated by the original initial condition value U * . Such an approximation was used in the illustrative example discussed in this paper.
